CAPITAL UNIVERSITY OF SCIENCE AND
TECHNOLOGY, ISLAMABAD

oupID

&>

Patkigeaw

Symmetric Collinear Central
Configurations for Four Masses

by
Sobia Shaheen

A thesis submitted in partial fulfillment for the
degree of Master of Philosophy

in the

Faculty of Computing

Department of Mathematics

2021


file:www.cust.edu.pk
file:www.cust.edu.pk
file:sobiashaheen638@gmail.com
Faculty Web Site URL Here (include http://)
Department or School Web Site URL Here (include http://)

Copyright (©) 2021 by Sobia Shaheen

All rights reserved. No part of this thesis may be reproduced, distributed, or
transmitted in any form or by any means, including photocopying, recording, or
other electronic or mechanical methods, by any information storage and retrieval

system without the prior written permission of the author.



1

First of all, I dedicate this research project to Allah Almighty, The most merciful
and beneficent, creator and Sustainer of the earth
And
Dedicated to Prophet Muhammad (peace be upon him) whom, the world where we
live and breathe owes its existence to his blessings
And
Dedicated to my parents and Siblings, who pray for me and always pave the way
to success for me
And
Dedicated to my teachers, who are a persistent source of inspiration and

encouragement for me



Tou(yD *

“0g,

CERTIFICATE OF APPROVAL

Symmetric Collinear Central Configurations for Four

Masses
by
Sobia Shaheen

(MMT-181011)

THESIS EXAMINING COMMITTEE

S. No. Examiner Name Organization

(a) External Examiner Dr. Azad A. Siddiqui NUST, Islamabad
(b) Internal Examiner ~Dr. Mohammad Afzal CUST, Islamabad
(c) Supervisor Dr. Abdul Rehman Kashif CUST, Islamabad

Dr. Abdul Rehman Kashif
Thesis Supervisor
February, 2021

Dr. Muhammad Sagheer Dr. M. Abdul Qadir
Head Dean
Dept. of Mathematics Faculty of Computing

February, 2021 February, 2021



v

Author’s Declaration

I, Sobia Shaheen hereby state that my MS thesis titled “Symmetric Collinear
Central Configurations for Four Masses” is my own work and has not been
submitted previously by me for taking any degree from Capital University of Sci-

ence and Technology, Islamabad or anywhere else in the country/abroad.

At any time if my statement is found to be incorrect even after my graduation,

the University has the right to withdraw my MS Degree.

(Sobia Shaheen)
Registration No: MMT-181011



Plagiarism Undertaking

I solemnly declare that research work presented in this thesis titled “Symmetric
Collinear Central Configurations for Four Masses” is solely my research
work with no significant contribution from any other person. Small contribu-
tion/help wherever taken has been duly acknowledged and that complete thesis

has been written by me.

I understand the zero tolerance policy of the HEC and Capital University of Science
and Technology towards plagiarism. Therefore, I as an author of the above titled
thesis declare that no portion of my thesis has been plagiarized and any material

used as reference is properly referred/cited.

I undertake that if I am found guilty of any formal plagiarism in the above titled
thesis even after award of MS Degree, the University reserves the right to with-
draw /revoke my MS degree and that HEC and the University have the right to
publish my name on the HEC/University website on which names of students are

placed who submitted plagiarized work.

(Sobia Shaheen)
Registration No: MMT-181011



vi

Acknowledgement

First and foremost, I would like to pay my cordial gratitude to the Almighty
Allah who created us as a human being with the great boon of intellect. I would
like to pay my humble gratitude to the Allah Almighty, for blessing us with the
Holy Prophet Mohammad (Sallallahu Alaihy Waaalehi wassalam) for whom
the whole universe is being created. He (Sallallahu Alaihy Waaalehi wassalam)
removed evil from the society and brought us out of darkness.

I would like to express my special gratitude to my kind supervisor Dr. Abdul
Rehman Kashif for his constant motivation. He was always there whenever I
found any problem. I really thankful to his efforts and guidance throughout my
thesis and proud to be a student of such an intelligent supervisor. May ALLAH
bless him with all kind of happiness and success in his life and may all his wishes
come true.

Also, many thanks to all teachers of CUST Islamabad Dr. Mohammad Sagheer,
Dr. Dur-e-Shewar Sagheer, Dr. Samina Rashid, Dr. Rashid Ali, Dr.
Shafqat Hussain and Dr. Mohammad Afzal for their appreciation and kind
support throughout my degree tenure. My heartiest and sincere salutations to my
Parents, who put their unmatchable efforts in making me a good human being. My
deepest gratitude to my brothers who are the real pillars of my life. They always
encouraged me and showed their everlasting love, care and support throughout
my life. The love from my brothers is priceless.

I would also like to thanks to my research fellows Hina Warasat, Muti ur Rahman,
Ali Asghar and Mohsin Ali for their fruitful help and kind support in my research
period.

May Allah Almighty shower His choicest blessings and prosperity on all those who

helped me in any way during the completion of my thesis.

(Sobia Shaheen)
Registration No: MMT-181011



Vil

Abstract

We discuss collinear central configurations for four masses which are symmetric
about the center of mass. We consider four masses which are placed at the line
with two pairs of equal masses. We find the equation of motion of the fifth mass
being negligible and not influence the motion of four masses. After evaluating
the equation of motion of the fifth body, we calculate the positions of Lagrange
points for different intervals and check the stability of Lagrange points finding
eigenvalues analysis using Mathematica. In the end, we discuss the permissible

regions of motion of mj for all the cases.
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Chapter 1

Introduction

Celestial mechanics is the branch of astronomy that deals with the motions of
heavenly objects in outer space. Historically, celestial mechanics applies principles
of physics (classical mechanics) to astronomical objects, such as stars and planets
to produce ephemeris data. Modern analytic celestial mechanics started with Isaac
Newton’s Principia of 1687 [1]. The name “celestial mechanics” is more recent
than that. Newton wrote that the field should be called “rational mechanics.”
The term “dynamics” came in a little later with Gottfried Leibniz [2], and over
a century after Newton, Pierre-Simon Laplace [3] introduced the term ”celestial
mechanics.” Prior to Kepler there was little connection between exact, quantitative
prediction of planetary positions, using geometrical or arithmetical techniques,
and contemporary discussions of the physical causes of the planetary motion. In a
special case, the law for two point particles as they interact by gravitational force
with each other is,

mims

F=G

el (1.1)

where GG is a universal gravitational constant and r is the distance of masses m;
and my from each other. In classical mechanics, the two-body problem (2BP)
is to predict the motion of two massive objects which are abstractly viewed as
point particles. The 2BP [4] is most common in the case of a gravity that occurs
in astronomy to determine orbits of objects such as satellites, planets and stars.

Newton solved 2BP by using his fundamental law of gravity. Newtonian mechanics

1
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is a mathematical model whose purpose is to explore the motions of the various
objects in the universe. The basic concept of this model were first enunciated
by sir Isaac Newton in a work entitled “Philosophiae Naturalis Principia
Mathematica”. This work, which was published in 1687. The problem has no
significant solution if n > 3. Although we have a restricted 3-body problems (3BP)
that provide us with a particular solution.

The 3BP [5] is the problem of taking the initial positions and velocities of three
point masses and solving for their subsequent motion according to Newton’s laws
of motion and Newton’s law of universal gravitation. The 3BP is a special case of
the n-body problem. The 3BP is one of the oldest problems in classical dynamics
that continues to throw up surprises. It has challenged scientists from Newtons
time to the present. It arose in an attempt to understand the Sun’s effect on the
motion of the Moon around the Earth. NBP also known as many body problem
[6].

Henri Poincare work on 3BP [7] has ended the classical era of research. The many
body problem was first formulated precisely by Newton. In its form where the
object involve point masses: “it may be stated as given at any time the position
and velocities of three or more massive particles moving under their mutual gravi-
tational forces, the mass also being known, calculated their positions and velocities
at any other time”.

The NBP [8] which predicts the individual motion of a system of celestial bodies
that gravitationally attract with each other. The statement of the problem is what
would be the orbit, if we are given n celestial objects interacting with each oth-
ers under the gravitational forces. Mathematicians and astronomers continued to
work on the NBP over the last four centuries. First of all, Kepler in his planetary
motion laws [9] defining the elliptical trajectories of planets around the Sun. Most
important works in science history in which Newton derived and formulated Ke-
pler’s law. Newton turned his attention to comparatively more difficult systems,
after the justification of Kepler’s laws.

The general problem of n-bodies, where n is greater than three, has been criticized

vigorously with numerical techniques on powerful computers. Celestial mechanics
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in the solar system [10] is ultimately an n-body problem, but the special configu-
ration and relative smallness of the perturbations have allowed quite accurate de-
scriptions of motions (valid for limited time periods) with various approximations
and procedures without any attempt to solve the complete problem of n-bodies.
Examples are the restricted three-body problem to determine the effect of Jupiters
perturbations of the asteroids and the use of successive approximations of series
solutions to sequentially add the effects of smaller and smaller perturbations for
the motion of the Moon. In the general n-body problem, all bodies have arbitrary
masses, initial velocities, and positions; the bodies interact through Newtons law
of gravitation [11], and one attempts to determine the subsequent motion of all
the bodies. Many numerical solutions for the motion of quite large numbers of
gravitating particles have been successfully completed where the precise motion of
individual particles is usually less important than the statistical behaviour of the
group [12].

The straight line solution of the n-body problem were first published by Moulton.
He managed n masses on a straight line and solve the problem of the values of
the masses at n arbitrary collinear points so that they remained collinear under
suitable initial projections. These solutions are sometimes referred to as Moulton
solutions [13]. In the 20th century, understanding the dynamics of globular cluster

star systems became an important NBP [14].

1.1 Central Configuration

A Central Configuration(CC’s) [15] is a special arrangement of point masses in-
teracting by Newton’s law of gravitation with the following property (the gravita-
tional acceleration vector produced on each mass by all others should point toward
the center of mass and proportional to the distance to the center of mass). Cen-
tral configurations may be studied in Euclidean spaces of any dimension, although
only dimensions one, two, and three are directly relevant for celestial mechanics.
CC’s [16] play an important role in the study of the Newtonian NBP [17]. For

example, they lead to the only explicit solutions of the equations of motion, they
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govern the behaviour of solutions near collisions, and they influence the topology
of the integral manifolds. Palmore [18] proposed many theorems in the study of
points of equilibrium in the planar NBP [19].

Under Newton’s law of universal gravitation, bodies placed at rest in a central con-
figuration will maintain the configuration as they collapse to a collision at their
center of mass. Systems of bodies in a two-dimensional central configuration can
orbit stably around their center of mass, maintaining their relative positions, with
circular orbits around the center of mass or in elliptical orbits with the center
of mass at a focus of the ellipse. These are the only possible stable orbits in
three-dimensional space in which the system of particles always remains similar
to its initial configuration [20]. Two central configurations are considered to be
equivalent if they are similar, that is, they can be transformed into each other
by some combination of rotation, translation, and scaling. With this definition of
equivalence, there is only one configuration of one or two points, and it is always
central. Ouyang and Xie discussed several special analysis solutions for four-body
problems, and showing that such solutions reduce the to Lagrange solutions [21]
when two masses are similarly reduced. Zhiming and Yisui (1988) [22] described
the finiteness of the central configurations for the general four-body problem [23].
Roy and Steves [24] addressed several theoretical approaches about the four-body
problem.

We will address the existence of a continuous family of balancing solutions for the
above mentioned four-body collinear problem [? |, which involve two symmetrical
configurations of two pairs of masses. Approximately 67% of our galaxy stars are
known to be included in the multi-stellar system, that is why it is very important
to understand the four-body problem and the five-body problem. CC is useful to
understand the gravitational NBP [25].

1.2 Thesis Contribution

In this thesis we have reviewed [26] collinear four-body problem which involves

two symmetrical arrangements for four masses. The masses are my, ms, m3 and
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my respectively as shown in figure (3.1), and the remaining fifth mass placed in
the same plane under the influence of gravity of four masses, does not influence
the movement of four masses. Firstly we studied the CC of the four masses. In
the second part we discuss the motion of infinitesimal mass in the gravitational
field of these masses, and also explore the possible position of equilibrium points
of fifth mass and investigate their stability. Lastly we draw permissible regions

and investigate the movement of the infinitesimal mass.

1.3 Dissertation Outlines

A brief overview of the contents of the thesis is provided below.

Chapter 1 introduction of the problem and aim of this research is briefly dis-
cussed.

In Chapter 2 we have described the basic definitions and fundamental ideas of
celestial mechanics. In the portion of this chapter, the two-body problem is briefly
discussed.

In Chapter 3 we have reviewed the research paper [26].

In Chapter 4 we discuss and explain some key features regarding 5* body. We
also discussed the dynamics of 5 body under the action of gravitational field of
my mo mg and my, all of them are collinear.

Chapter 5 provides the concluding remarks of the thesis.

References used in the thesis are mentioned in Bibliography.



Chapter 2

Preliminaries

This chapter includes the basic definitions and basic concepts that will help us

better understanding of our objective research.

2.1 Basic Definitions

Definition 2.1.1. (Celestial Mechanics)

“Celestial mechanics is the branch of astronomy that deals with the motions of ob-
jects in outer space. Historically, celestial mechanics applies principles of physics
(classical mechanics) to astronomical objects, such as stars and planets, to produce
ephemeris data. Actually celestial mechanics is the science devoted to the study
of the motion of the celestial bodies on the basis of the laws of gravitation. It was

founded by Newton and it is the oldest of the chapters of Physical Astronomy.” [27]

Definition 2.1.2. (Mechanics)

“Mechanics is a branch of physics concerned with motion or change in position of
physical objects. It is sometimes further subdivided into:

1. Kinematics, which is concerned with the geometry of the motion,

2. Dynamics, which is concerned with the physical causes of the motion,

3. Statics, which is concerned with conditions.” [28]
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Definition 2.1.3. (Scalar)
“A scalar is an element of a field which is used to define a vector space. A quantity

described by multiple scalars, such as having both direction and magnitude.” [29]

Definition 2.1.4. (Vector)
“Other quantities of physics, such as displacement, velocity, momentum, force etc
require for their specification a direction as well as magnitude. Such quantities

are called Vectors.” [29]

Definition 2.1.5. (Principle of conservation of momentum)
“The principle of conservation of momentum states that the total momentum of
a system of objects remains constant provided no resultant external force acts on

the system.”[18]

Definition 2.1.6. (Angular velocity)
“Angular velocity, w is the rate of change of angular displacement with respect to

time.” [18]

Definition 2.1.7. (Central force)

“Suppose that a force acting on a particle of mass m such that

(a) it is always directed from m toward or away from a fixed point O,

(b) its magnitude depends only on the distance r from O.

then we call the force a central force or central force field with O as the center of

force. In symbols F is a central force if and only if

where ry = T is a unit vector in the direction of r. The central force is one
of attraction towards O or repulsion from O according as f(r) < 0 or f(r) > 0

respectively.” [18]



Preliminaries 8

Definition 2.1.8. (Degree of freedom)

“The number of coordinates required to specify the position of a system of one or
more particles is called number of degree of freedom of the system.
Example: A particle moving freely in space requires 3 coordinates, e.g. (x,y, 2),

to specify its position. Thus the number of degree of freedom is 3.”[28]

Definition 2.1.9. (Center of mass)

“Let 71,79,...,7, be the position vector of a system of n particles of masses
my, M, ...m, respectively. The center of mass or centroid of the system of particles

is defined as that point having position vector

n
. Mmry 4+ mers + ... + m,Tr, 1
r = = M E myry,
v=1

mi+mo+ ... +my,

where
n
M = E my,
v=1

is the total mass of the system.”[28]
Definition 2.1.10. (Center of gravity)

“If a system of particles is in a uniform gravitational field, the center of mass

is sometimes called the center of gravity.”[28]
Definition 2.1.11. (Torque)

“If a particle with a position vector r moves in a force field F, we define 7 as
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torque or moment of the force as
T=rxF.

The magnitude of 7 is

T =1rFsind.

The magnitude of torque is a measure of the turning effect produced on the par-

ticle by the force.” [28]

Definition 2.1.12. (Momentum)

“The linear momentum p of an object with mass m and velocity v is defined as:
p = mv.

Under certain circumstances the linear momentum of a system is conserved. The

linear momentum of a particle is related to the net force acting on that object:

dv d dp

F=ma=m—=—(mv)=—.

dt dt( ) dt

The rate of change of linear momentum of a particle is equal to the net force
acting on the object, and is pointed in the direction of the force. If the net force
acting on an object is zero, its linear momentum is constant (conservation of linear

momentum). The total linear momentum p of a system of particles is defined as

the vector sum of the individual linear momentum.

p=> p, 28
1

Definition 2.1.13. (Point-like particle)

“A point-like particle is an idealization of particles mostly used in different fields of
physics. Its defining features is the lacks of spatial extension:being zero-dimensional,
it does not take up space. A point-like particle is an appropriate representation of

an object whose structure, size and shape is irrelevant in a given context. e.g.,
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from far away, a finite-size mass (object) will look like a point-like particle.” [2§]

Definition 2.1.14. (Angular momentum)

“Angular momentum for a point-like particle of mass m with linear momentum p

about a point O, defined by the equation

L=rxp,

where r is the vector from the point O to the particle. The torque about the point
O acting on the particle is equal to the rate of change of the angular momentum
about the point O of the particle i.e.,

dL

= —.”|28
T=—"[28]

Definition 2.1.15. (Inertial frame of reference)

“An inertial frame of reference is a frame of reference that is not undergoing ac-
celeration. In an inertial frame of reference, a physical object with zero net force
acting on it moves with a constant velocity (which might be zero) or equivalently,

it is a frame of reference in which Newton’s first law of motion holds.” [30]

Definition 2.1.16. (Lagrange Points)

“Lagrange Points are positions in space where the gravitational forces of a two
body system like the Sun and the Earth produce enhanced regions of attraction
and repulsion. These can be used by spacecraft to reduce fuel consumption needed
to remain in position. At Lagrange points, the gravitational pull of two large
masses precisely equals the centripetal force required for a small object to move
with them. Lagrange points are named in honor of Italian-French mathematician

Josephy-Louis Lagrange.” [31]
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Definition 2.1.17. (Equilibrium solution)

“The Equilibrium solution can guide us through the behaviour of the equa-
tion that represents the problem without actually solving it. These solutions can
be found only if we meet the sufficient condition of all rates equal to zero. If we

have two variables then

These solutions may be stable or unstable. The stable solutions regarding in ce-
lestial Mechanics helps us find parking spaces where if a satellite or any object
placed, it will remain there for ever. These type of places are also found along the
Jupiter’s orbital path where bodies called Trojan are present. These equilibrium
points with respect to Celestial Mechanics are also called Lagrange points named
after a French mathematician and astronomer Joseph-Louis Lagrange. He was
first to find these equilibrium points for the Sun-Earth system. He found that

three of these five points were collinear.

Procedure for stability analysis and equilibrium points:

We need to follow the following steps to check the stability of equilibrium points.

1) Determine the equilibrium points, x*, solving £2(x*) = 0.

\]

) Construct the Jacobian matrix, J(x*) = 2£.

w

) Compute eigenvalues of (x*): det|Q(x*) — A I| = 0.

W

) Stability or instability of x* based on the real parts of eigenvalues.

ot

) Point is stable, if all eigenvalues have real parts negative.
6) Unstable, If at least one eigenvalue has a positive real part.
7) Otherwise, there is no conclusion,

(i.e, require an investigation of higher order terms).”[17]
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2.2 Permissible Regions of Motion in Plane of

Motion

“The Jacobian constant of motion is one of the most important constants of the
dynamical system, which represent the motion of the infinitesimal body. Because
it can be used to sketch the zero velocity curves. Of course it can be used to

explore the regions of permissible motion of the infinitesimal body.” [32]

2.3 Kepler’s Laws of Planetary Motion

“Kepler’s three laws of planetary motion can be described as follows:

1. All planets are moving in an elliptical path with Sun at one focus.

2. The radius vector drawn from the Sun to a planet sweeps out equal areas in

equal time intervals.

3. The cube of the semi major axis of the planetary orbits are proportional
to the square of the planets periods of revolution. Mathematically, Kepler’s

third law can be written as:

where T is the time period, r is the semi major axis, M, is the mass of Sun

and G is the universal gravitational constant.” [33]

2.4 Newton’s Laws of Motion [34]

“The following three laws of motion given by Newton are considered the axioms

of mechanics:
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1. First law of motion

Every particle persists in a state of rest or of uniform motion in a straight

line unless acted upon by a force.

2. Second law of motion

If F is the external force acting on a particle of mass m which as a reaction

is moving with velocity v, then

If m is independent of time this becomes

d
F:m—vzma,

dt
where a is the acceleration of the particle.

3. Third law of motion

For every action, there is an equal and opposite reaction.” [33]

2.4.1 Newton’s Universal Law of Gravitation

“Every particle of matter in the universe attracts every other particle of matter
with a force which is directly proportional to the product of the masses and in-
versely proportional to the square of the distance between them. Hence, for any
two particles separated by a distance r, the magnitude of the gravitational force
F is:

mims
r

F=G

r3

where (G is universal gravitational constant. Its numerical value in SI units is

6.67408 x 10~ m3kg 15727 [35]
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2.5 Two Body Problem

“The two-body problem, first studied and solved by Newton, states: Suppose
that the positions and velocities of two massive bodies moving under their mutual
gravitational force are given at any time ¢, then what should their position and ve-
locities be for any other time ¢, if the masses are known? Example include a planet
orbiting around a star (Earth-Sun, Moon-Earth), two stars orbiting around each
other, satellite orbiting around orbit. The two-body problem is very important

because of the following facts:

1. It is the only gravitational problem in celestial mechanics, apart from rather
restricted solutions of three body problem, for which we have a complete

and general solution.

2. A wide range of practical orbital motion problems can be treated as approx-

imate two-body problems.

3. The two-body solution may be used to provide approximate orbital param-
eters and predictions or serve as a starting point for the generation of ana-

lytical solutions valid to higher orders of accuracy.

2.5.1 The Solution to the Two-Body Problem

The governing law for the two-body is Newton’s universal gravitational law:

mimes

F=0G r, (2.1)

r3
for two masses m; and msy separated by a distance of r, and G the universal
gravitational constant. The aim here is to determine the path of the particles for
any time ¢, if the initial positions and velocities are known. In figure (2.1), the
force of attraction F; is directed along r towards m, while the force Fy on M is

in opposite direction. By Newton’s third law,

F1 - —F2. (22)
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Center of Mass

FIGURE 2.1: Center of mass of two-body system

From figure (2.1),

r. (2.3)

Using Newton’s second law of motion and by equations (2.1) and (2.2), the equa-

tion of motion of the particles under their mutual gravitational attractions are

given by
. d?r mM
mry = mW; = 71‘, (24)
. d21'2 mM
MI'2 = MW = —GTT, (25)

where r; and ry be the position vectors from the reference O as shown in

Figure (2.1). Adding equation (2.4) and (2.5), we get:

mr| + Mry = 0, (2.6)

integrating above equations yields:

mr'l -+ MI'2 = Cy, (27)
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that the total linear momentum of the system i.e. mv,,, + Mv,; = c; is a constant.
Again integrating equation (2.7) implies:
mry + MI'Q = Clt + Co, (28)

where ¢; and ¢y are constant vectors.

Using the definition of center of mass in 2B P, R is defined as:

(m+ M)R = mr; + Mrs,

MtR = mry + ]\41‘27 (29)

where M; = m + M. Taking the derivative of equation (2.9) and comparing with
equation (2.21), we get

. . C
MR=c = R= L — constant
M,

show that R = v, (velocity of center of mass) is constant.

Subtracting the equations (2.4) and (2.5) gives:

oM L emy (2.10)

- =

.. r
=i+ p— =0, (2.11)

where = G(m + M) is defined as reduced mass and r; —ry = —r,

see figure (2.1).
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Taking the cross product of r with equation (2.11) we obtain:

I
rXpur+ —rxr=20
r

=rxr=0, (2.12)
integrating above equation yields:
rxr=1L, (2.13)
where L is a constant vector. We may write equation (2.12),

=71 X ur =0,

> rxF=0, (2.14)

where F = uf = pa (p is reduced mass i.e. constant).

From the definition of torque and angular momentum:

T =rxF. (2.15)

T dt
Comparing equations (2.14) and (2.15), we get:

T—E—I‘XF:O,
dL

= _0

dt

= L =constant,

i.e. angular momentum of the system is constant.

Radial and transverse components of velocity and acceleration:

If polar coordinates r and 6 are taken in this plane as in figure (2.2), the ve-

locity components along and perpendicular to the radius vector joining m to M
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FiGURE 2.2: Radial and transverse components of velocity and acceleration

are 1 and 7’9, then,

d .
i = d—? = 7i + rj, (2.16)

where 7 andj' are unit vectors along and perpendicular to the radius vector. Hence,

by equations (2.13) and (2.16),
r x (14 r)) = r*0k = Lk, (2.17)

where k is a unit vector perpendicular to the plane of the orbit. We may then
write

0 =L, (2.18)

where the constant L is seen to be twice the rate of description of area by the

radius vector. This is the mathematical form of Kepler’s second law.

Now taking the scalar product of ¥ with equation (2.11), we get:
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which may be integrated to give:

5[".[' — T = O,

(2.19)
Ly, K
- —=C 2.20
e (2.20)

where (' is a constant. This is the energy conservation form of the system. The
quantity C' is not the total energy:; %,uz is related to the kinetic energy and ==
to the potential energy of the system i.e. total energy is conserved.

Recall that from celestial mechanics, components of acceleration vector along and

perpendicular to the radius vector (see figure 2.2):

A 1d N
(L 2\ ) N
a=(f—r6)+ 'rdt(r 6)7,

using above equation in (2.11), we get

i rf? = —7%, (2.21)
1 d 2 b

“ 229 =o. 2.22
L gy o (2.22)

Integrating equation (2.21) gives the angular momentum integral:

%0 = L, (2.23)

making the usual substitution of

1
= - 2.24
=", (224)

and eliminating the time between equation (2.20) and (2.22), implies:

d*u L
W +u= ﬁ (2.25)
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The general solution of above equation is :

I
U= 73 + Acos(0 — 6y), (2.26)

where A and 6, are two constants of integration. Substitute u = % in above

equation:

L_ i—l—Acos(@—Ho)

o L2
L2
== K ,
1—|-LZTACOS(9—90)

is the polar form of the equation of the conic and may be written as:

L P
1+ ecos(d — b))’

where
L2
pP=—
[
AL?
e = —-o.
i

Eccentricity e classifies the trajectory of one celestial body around another. Thus:
(i) If 0 < e < 1 then the orbit is elliptical,

(7i) If e = 1 then the orbit is a parabolic,

(77) If e > 1 then the orbit is a hyperbolic.

Hence the solution of the two-body problem is a conic, includes Kepler’s first law

as a special case.” [36]



Chapter 3

Symmetric Collinear Central

Configurations for Four Masses

3.1 Introduction

In this research work [26], we set up a collinear four-body problem (CFBP), with
four positive masses. The masses are mq, mo, mg and my respectively. There are
two pairs of equal masses, that are symmetric about the center of mass moving in
such a way that their configuration is always in a line. The geometric configuration
can be seen in figure (3.1). The central configuration of four-bodies in a line
is a geometric configuration of four-bodies in which the gravitational forces are
balanced in such a way that the four bodies rotate together about their center of

mass and maintain this configuration i.e., in a line all the time.

3.2 Characterization of the Collinear

Configuration

Suppose that n point positive masses (mq, ms,...,m,),m; € Rt i =1, ..n, and

r; € R?,i = 1,...n are n mass position vectors, and the Euclidean distance between

21
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any two masses are r;;,7, j = 1,...n. The classical equation of motion for n positive

masses has the form

n
SO 7 1 .
m;t; = E mim;———=, i=1,..n, (3.1)
= r, —r;
J=1j#i

r; is position vector of the ith body, m; is the mass of the ith body and the
units are chosen so that the gravitational constant G = 1. A central configuration
is a particular configuration of the n bodies where the accelaration vector of each
body is proportional to its position vector, and the constant of proportionality is
the same for the n-bodies. Therefore, a central configuration is a configuration

that satisfies the equation

P —e)= Y my i =1, (3.2)

where w is a constant and w # 0, ¢ is the center of mass.
For four bodies, we put n = 4 in equation (3.2), we will get central configuration

for general four-body problem which are given below:

rs —I'7 rs — I ry, —r;

2
—_— = — — 3.3
m2|r2_r1|3 +m3|r3_r1|3 +m4|r4_r1’3 w (rl C)? ( )
rh —ro rs —Io ry —ro 2
m m my———% = —w (rs — ¢ 3.4
1|I‘1_I'2|3 3|I'3—I'2|3 4|I‘4—I'2|3 ( 2 >7 ( )
ri —rs o — I3 ry —rs 2
AT (s — 3.5
rh —ry s — Iy s — Iy 2
AT (s —c). 3.6

Assuming mq; = my = M and my = m3 = m. The masses my, my, m3 and my are
fixed at r; = (—=b,0), ro = (—a,0), r3 = (a,0) and ry = (b,0) respectively (see

figure (3.1)), with the above conditions the center of mass of four collinear masses
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ms;=m ms=M
(a,0) (b,0)
Fa

»
-

FIGURE 3.1: Symmetric collinear equilibrium configuration

will shift at the origin.
ie.,

c=(0,0).

Using m; = my = M and msy = m3 = m, the positions of m; — m4 and the value

of ¢ = (0,0) in equations (3.3) — (3.6) become

bM  (—a+bm (a+bm

WP T Tatop T arop 2 =0 (3.7)
4C|LZ|L3 + (|__aa__b)b]|\34 + (’__a;_f)b?f +aw?® =0, (3.9)
i|_—a ;_b);é + (ra__bb)g + féfg +bw? = 0. (3.10)

Equation (3.7) is same as equation (3.10) and equation (3.8) is similar to equation

(3.9), therefore we are left the following two equations as shown below:
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IW m m
— —bw? =0 3.11
e (—a+0b)? * (a+b)? ~ ’ (3:11)

m M M 9
— — =0. 12
1@ T azer Tlavop @ T (3:12)

Here we assume w = 1, this will not effect the generality of the problem. Solving

equations (3.11) and (3.12), we get

m = fi(a,b)/ f2(a,b), (3.13)
where
f1(a,b) =4a*(a — b)*(a + b)*(a® — 2a3V? — 8a*V® + ab” — 8b°),
fa(a,b) =a® — 68a°b* — 122a*b* — 68a%1° + b°,
and
M = gi(a,b)/g2(a,b), (3.14)
where

g1(a,b) =(4(—8a"b?* + a®b® + 8a"b* — 4a°V° + 8a°b® + 6a*b”
— 8a%b® — 4a%V’ 4 b'))

g2(a,b) =a® — 68a°b* — 122a*b* — 68a2b° + b°.

Our next goal is to check the positivities of the masses m and M, which are defined
in equations (3.13) and (3.14) i.e., we need to find the values of a and b for which
our masses are positive. Because the masses are functions of distance parameters

a and b, so we need to find the values of a and b, for which m and M are positive.
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Here we take b = 1 (without loss of generality) and solving the masses expressions
for a, we get the following interval for a, for which m and M are positive.
Case(i): 0417221 <a < 1

Case(ii): 1 < a < 2.39681

Here we define the following proposition.

3.2.1 Proposition

We have two cases:
Case (I): If b = 1 (without loss of generality) then, 0.417221 < a < 1 or
1 <a < 239681

Case (II): If we choose a = 1 then same intervals as b = 1.



Chapter 4

Dynamics of 5th Body

4.1 Introduction

In this chapter we discuss and explain some key features regarding 5" body. The
motion of my will not effect the gravitational field of my, mq, mz and my, because
ms << my, mo, mg, my. We call this problem restricted collinear five-body prob-
lem (RC5BP). Equation of restricted collinear five-body problem of 5 particles,

s —TIj s — Iy rs — Iy ry —17rsy
+m —+m4ﬁ
ry — I

(4.1)

r- =
5 my :3|1¢3_145|3

ma
|I'1 —I'5|3 |I'2—I'5|3
We now introduce a coordinate system that is rotating about the center of mass
with uniform angular speed w. Let (z,y) be the coordinates of ms in this new
rotating frame (non-inertial frame). We can convert equation (4.1) from fixed iner-

tial frame to the rotating coordinates system with the following orthogonal system,

where w is angular speed and ”t” represents time. The position vector of ms in

the rotating frame is,

26
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r5 = 2(t) e; + y(t) eo, (4.2)

choosing w, (without loss of generality) and taking first and second derivatives of

equation (4.2) yield,

i5 = (2 —y)e" +i(w +y)e",
‘ ‘ (4.3)
¥5 = (i — 2y — x)e" +i(§ + 22 — y)e.

Using equation (4.3) in equation (4.1), the planer equations of motion of mj; in

rotating frame in component form are,

. . z+b x-0 r+a T—a
x—2y—x:[M(T+ 3 )—l—m( — +— )}, (4.4)
T'51 T'54 T'52 T'53
1 1 1 1
?j+2x'—y:{M(——I——)y—km(——k—)y], (4.5)
7‘?1 r§4 Tg2 Tg’:a

where mutual distances are described as,

Multiply equation (4.4) by & and equation (4.5) by y to obtain

i — 2y — wi = {Mz <$—?+$§b)+mr (xtaqux;a)], (4.7)

T'51 T's4 T'52 T'53
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.. . 1 1 1 1
gy + 22y — yy = {My( +T—)y+my (r +T)y}. (4.8)
52

T51 54 T'53

Adding these equations, we get

M M
i+ gy — (22 4+ yy) = = (2@ + b + yj) + = (v& — bE + yy)

T3 T3
m m
+—(z& + ai + yy) + = (22 — a + yy). (4.9)
T3 ri3
Note that
L. Ld o . 1 dv?
B4y =5 (8 4+9°) = 5 (4.10)

where v is the speed of the infinitesimal mass relative to the rotating frame. Sim-
ilarly,

1d

T+ yy = §£(x + %) (4.11)

Using equations (4.10) and (4.11) in equation (4.9), we get the following equation,

1d? 1d,, o, M M
—— — == b -b
5 o @ HY) = 3 (wE b+ yy) o+ - (ed = b+ yy)
m m
+— (vt + ai + yy) + = (22 — ad + yy). (4.12)
T3 33
Equation (4.6) gives
dr
25—+ = 2(x + b)i: + 2yg,
dt
or
drsp 1 o
—_ = — bx). 4.13
G~ o @E g ba) (4.13)
Also we know that
d 1 1 d
S 1 (4.14)
Using equation (4.13) in equation (4.14) we get
d 1 1
= ——(z@ + yy + bi). (4.15)
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Similarly, we can obtain the following equations

d 1 1

& (it 4 ad 4.16
T 7022(5690erera:E), (4.16)
d 1 1

e S OUP SR 417
T ng (xx + yy — ax), ( )
d 1 1

L (xd oy — bi). 4.18
T = (zd + yy — bi) (4.18)

Using equations (4.15) — (4.18) into equation (4.12) yields

ldv* 1d,, d 1 d 1
- -2 - Me— M=
2 dt 2dt (:C * y ) dt T's1 dt T's54
d 1 d 1
-m———m——. 4.19
dt T'52 mdt T's53 ( )
The above equation becomes
d |1, 9 9 m - m
— | = + —+ — 4+ —+—| =0,
at | 2" 2(90 y)+7”51+7“54 7‘52+7“53
which means the bracketed expression is a constant
1 1 M M m m
- (P + )+ —+ —+—+—=C. (4.20)
2 2 Ts1 Tsa T2 Ts3

The constant C' is known as the Jacobi constant, (named after the German math-
ematician Carl Jacobi who discovered it in 1836). Jacobi’s constant [37] may be
interpreted as the total energy of the ms relative to the rotating frame. C' is a

constant of the motion of the ms in the collinear restricted five-body problem,

here

° %02 is the Kinetic energy per unit mass relative to the rotating frame.

o L L1 1 and—-L are gravitational potential energies of the masses
rs1’ rs2’  Ts3 T54

my, Mo, mg and my.

° —%(xQ + 1?) interpreted as the potential energy of the centrifugal force of my
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induced by the rotation of the reference frame. Rewriting equation (4.20) as

v? = (2* +y) —2M (L + i) —2m (i + i) +2C. (4.21)

st Ts4 Ts2  Ts3
Since v? cannot be negative, it must be true that,

(2® +y°) —2M (i + i) —2m (i + i) +2C > 0. (4.22)

st Ts4 sz Ts3
Trajectories of the ms in regions where this inequality is violated are not allowed.
The boundaries between forbidden and allowed regions of motion are found by

setting v? = 0, i.e.,

1 1 1 1
(* +y°) —2M (— - —) —2m (— + —> +2C = 0. (4.23)
Ts1 Ts4 Ts2 753
For a given value of the Jacobi constant the curves of zero velocity are determined

by this equation. These boundaries cannot be crossed by a infinitesimal mass

(spacecraft) moving within an allowed region.

4.2 Equilibrium Solutions

The equations (4.4) and (4.5) do not have an analytical solution of a closed form,
we can use these equations to determine the location of the equilibrium points.
These are the places in space where the infinitesimal mass ms; would have zero
velocity and acceleration, i.e., where ms appears at rest permanently relative to
the masses mq,msy,m3 and my respectively. When located at an equilibrium point
(also called libration point / Lagrange point), a body will apparently stay there.
These solutions can be found only if we meet the sufficient condition of all rates

equal to zero,
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To find the zero’s (z,y) or equilibrium points / Lagrange point, we need to solve
these equations numerically or drawing contour plot using Mathematica. The clas-

sification of equilibrium points for (RC5BP) discussed in the following cases.

4.3 Case-I(1): When a € (0.417221,1) and b =1

i.  When a € (0.417221 , 0.647221) there exist 7 equilibrium points.
ii.  When a € (0.647221 , 0.937221) there exist 5 equilibrium points.
iii.  When a € (0.937221 , 0.957221) there exist 3 equilibrium points.

iv.  When a € (0.957221 , 0.999999) there exist 1 equilibrium points.

In addition, these intervals can be discuss in cases compared to other similar
equilibrium points. The intersections of the non-linear algebraic equations U, = 0,
and U, = 0 define the positions of the equilibrium points. The intersections of
U, = 0 (blue) and U, = 0 (orange), respectively. The red dots represent the
position of the masses and black dots represent the position of equilibrium points.

See figures ((4.1) to (4.4)) below

4.3.1 Seven Equilibrium Point

We start our analysis with case-1(1) for equilibrium points where seven equilibrium
points exist on x-axis and y-axis. It is numerically checked that the behaviour of
the equilibrium points does not change throughout in (0.41722, 0.63722), therefore
we choose a = 0.427221 € (0.417221, 0.637221) and draw contour plot for the
infinitesimal particle and check the position of equilibrium points.

The contour plot for a = 0.427221 the corresponding value of b, M and m are 1,
0.0116734 and 0.281741 respectively. Contour plot for these values shows that the

Ly, Ly, Ly, Lg and Ly are collinear along x-axis, while L3 and L are collinear along
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FIGURE 4.1: Positions of the masses (Red dots); equilibrium points of ms
particle (Black dots). Here a = 0.427221 and the corresponding masses are
m = 0.281741, M = 0.0116734.

the y-axis. In figure (4.1) the black dots denote the position of equilibrium points
and the red dots represent the position of the masses m; — my4. The equilibrium

points are the points of the intersection of U, = 0 (blue) and U, = 0 (orange).

4.3.2 Five Equilibrium Point

The present analysis for equilibrium points where five equilibrium points exist on
x-axis. It is numerically checked that the behaviour of the equilibrium points does
not change throughout in (0.6372 , 0.9372), therefore we choose a = 0.657221 €
(0.637221 , 0.937221) and draw contour plot for the infinitesimal particle and
check the position of equilibrium points.

The contour plot for a = 0.657221 the corresponding value of b, M and m are 1,
0.668281 and 0.110794 respectively. Contour plot for these values shows that the

Ly, Ly, L3, Ly and Ls all are collinear along x-axis. In figure (4.2) the black dots
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FIGURE 4.2: Positions of the masses (Red dots); equilibrium points of ms
particle (Black dots). Here a = 0.657221 and the corresponding masses are
m = 0.110794, M = 0.668281.

denote the position of equilibrium points and the red dots represent the position
of the masses m; — my4. The equilibrium points are the points of the intersection

of U, =0 (blue) and U, = 0 (orange).

4.3.3 Three Equilibrium Points

The present analysis for equilibrium points where three equilibrium points ex-
ist on x-axis. It is numerically checked that the behaviour of the equilibrium
points does not change throughout in (0.9372 , 0.9572), therefore we choose
a = 0.947221 € (0.937221 , 0.957221) and draw contour plot for the infinitesi-

mal particle and check the position of equilibrium points.
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FIGURE 4.3: Positions of the masses (Red dots); equilibrium points of ms
particle (Black dots). Here a = 0.947221 and the corresponding masses are
m = 0.00278174, M = 0.00263451.

The contour plot for a = 0.947221 the corresponding value of b, M and m are
1, 0.00263451 and 0.00278174 respectively. Contour plot for these values shows

that the L, Lo and L3 all are collinear along x-axis.

In figure (4.3) the black dots denote the position of equilibrium points and the
red dots represent the position of the masses (m; — my). The equilibrium points
are the points of the intersection of U, = 0 (blue) and U, = 0 (orange), red dots

represent the masses and black dots represent the equilibrium points.
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4.3.4 One Equilibrium Point

We further continue our analysis for equilibrium points where one equilibrium
point exist on x-axis. It is numerically checked that the behaviour of the equi-
librium points does not change throughout in (0.957221 , 0.999999), therefore we
choose a = 0.967221 € (0.95722 , 0.99999) and draw contour plot for the infinites-

imal particle and check the position of equilibrium point.

The contour plot for a = 0.967221 the corresponding value of b, M and m are
1, 0.00103865 and 0.00107389 respectively. Contour plot for these values shows
that the L; are collinear along x-axis. In figure (4.4) the black dots denote the
position of equilibrium points and the red dots represent the position of the masses
my —my. The equilibrium points are the points of the intersection of U, = 0 (blue)

and U, = 0 (orange).

y
0.2f ]
01F ]
mT 2 L1 m3™
] — U,
o.oﬂ_} % }
, U,
-01F ]
-0.2} ]
-1.0 -0.5 0.0 0.5 1.0

FIGURE 4.4: Positions of the masses (Red dots); equilibrium points of ms
particle (Black dots). Here a = 0.967221 and the corresponding masses are
m = 0.00107389, M = 0.00103865.
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4.4 Case-I(2): When a € (1,2.39) and b =1

i.  When a € (1.0, 1.16) there exist 5 equilibrium points.
ii.  When a € (1.16 , 1.29) there exist 5 equilibrium points.
iii.  When a € (1.29 , 1.57) there exist 7 equilibrium points.

iv.  When a € (1.57 , 2.39) there exist 7 equilibrium points.

4.4.1 Five Equilibrium Point

We start our analysis with case-1(2) for equilibrium points where five equilibrium
points exist on x-axis. It is numerically checked that the behaviour of the equi-
librium points does not change throughout in (1.0 , 1.16), therefore we choose
a =115 € (1.0, 1.16) and draw contour plot for the infinitesimal particle and
check the position of equilibrium points.

The contour plot for a = 1.15 the corresponding value of b, M and m are 1,
0.0256555 and 0.0222474 respectively. Contour plot for these values shows that
the Ly, Ly , Ly , Ly and Ls all are collinear along x-axis and the contour plot
for this case is given below. In figure (4.5) the black dots denote the position of
equilibrium points and the red dots represent the position of the masses my, ms,
mgz and my. The equilibrium points are the points of the intersection of U, = 0

(blue) and U, = 0 (orange).

4.4.2 Five Equilibrium Point

We continue our analysis for equilibrium points where five equilibrium points
exist on x-axis. It is numerically checked that the behaviour of the equilib-
rium points does not change throughout in (1.16 , 1.29), therefore we choose
a=1.28 € (1.16 , 1.29) and draw contour plot for the infinitesimal particle and

check the position of equilibrium points.
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FIGURE 4.5: Positions of the masses (Red dots); equilibrium points of ms
particle (Black dots). Here a = 1.15 and the corresponding masses are m =
0.0222474, M = 0.0256555.

The contour plot for a = 1.28 the corresponding value of b, M and m are 1,
0.0979731 and 0.0753434 respectively. Contour plot for these values shows that
the Ly, Ly , L3, Ly and Ls all are collinear along x-axis.

In figure (4.6) the black dots denote the position of equilibrium points and the red
dots represent the position of the masses m; —my4. The equilibrium points are the

points of the intersection of U, = 0 (blue) and U, = 0 (orange).

4.4.3 Seven Equilibrium Point

The present analysis for equilibrium points where seven equilibrium points exist
on x-axis and y-axis. It is numerically checked that the behaviour of the equi-
librium points does not change throughout in (1.29 , 1.57), therefore we choose

a = 1.56 € (1.29, 1.57) and draw contour plot for the infinitesimal particle and
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FIGURE 4.6: Positions of the masses (Red dots); equilibrium points of ms
particle (Black dots). Here a = 1.28 and the corresponding masses are m =
0.0753434, M = 0.0979731.

check the position of equilibrium points.

The contour plot for a = 1.56 the corresponding value of b, M and m are 1,
0.458729 and 0.264957 respectively. Contour plot for these values shows that the
Ly, Ly , Ly, Lg and L7 are collinear along x-axis, while L, and Ls are collinear
along the y-axis.

In figure (4.7) the black dots denote the position of equilibrium points and the red
dots represent the position of the masses my, ms, mz and my. The equilibrium

points are the points of the intersection of U, = 0 (blue) and U, = 0 (orange).

4.4.4 Seven Equilibrium Point

We further continue our analysis for equilibrium points where seven equilibrium

points exist on x-axis and y-axis. It is numerically checked that the behaviour of
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FIGURE 4.7: Positions of the masses (Red dots); equilibrium points of ms
particle (Black dots). Here a = 1.56 and the corresponding masses are m =
0.264957, M = 0.458729.

the equilibrium points does not change throughout in (1.57 ; 2.39), therefore we
choose a = 2.0 € (1.57, 2.39) and draw contour plot for the infinitesimal particle
and check the position of equilibrium points.

The contour plot for a = 2.0 the corresponding value of b, M and m are 1, 1.771799
and 0.501345 respectively. Contour plot for these values shows that the L, Lo ,
Ly , Lg and Ly are collinear along x-axis, while L3 and L5 are collinear along the
y-axis.

In figure (4.8) the black dots denote the position of equilibrium points and the red
dots represent the position of the masses mq, mo, ms and my. The equilibrium
points are the points of the intersection of U, = 0 (blue) and U, = 0 (orange), red

dots represent the masses and black dots represent the equilibrium points.



Dynamics of 5" Body 40

y
27 L3 |
°
1 J
m1 m2 m3 m4 | U
L7/1\L6 L4 L2 1] - Yx
0 1 L X
J \ V4 U,
1t J
® |
-2t LS J
-3 -2 -1 0 1 2 3

FIGURE 4.8: Positions of the masses (Red dots); equilibrium points of ms
particle (Black dots). Here a = 2.0 and the corresponding masses are m =
0.501345, M = 1.771799.

4.5 Stability Analysis

This section is devoted to the mathematical analysis of the stability of Lagrange
points in the system of a (RC5BP) for which we consider the slight displacement
from the Lagrange points to the infinitesimal body as well as the small velocity.
If the infinitesimal small body’s motion departs from the point of the proximity,
and it never returns, then this point of equilibrium is known as unstable. But if

the body is oscillating about the point it seems to be stable.

We will now check whether the Lagrange points are either stable or unstable.
To check the stability, with the support of the Jacobian matrix of individual val-
ues, followed by the procedure given on page 11.

We know that for case-I(1)(i) @ = 0.427221 and corresponding coordinates of L
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are (0.8866, —0.01331), we get the following Jakobian matrix form as

224148  2.468
2.468  —9.54388

The eigenvalues of matrix A are: (22.6043, —9.73334), eigenvalues of matrix A
have not negative real part, therefore L, is unstable.
For the remaining values we will apply the same procedure and present the sta-

bility analysis of corresponding Lagrange points which are in the following table.

S.No Lagrange points Eigenvalues Stability
1 L1(0.8866, -0.01331) (22.6043, -9.73334) | unstable
2 L(1.139, -0.004016) (11.3928, -4.1958) | unstable
3 L3(0.00158, 0.7025) (2.20632, 0.820232) | unstable
4 L4(-.006322, 0.0006322 ) | (15.5184, -6.25918) | unstable
5 L5(0.00158, -.7152) (2.18046, 0.806673) | unstable
6 L¢(-0.8834, -0.004016) | (21.8782,-9.43306) | unstable
7 L(-1.152, 0.00528) (9.25988, -3.12918) | unstable

TABLE 4.1: Stability Analysis for a = 0.427221, b =1,
and corresponding masses are m = 0.281741, M = 0.0116734.

Stability analysis for case-I(1)(ii) is shown in the following table:

S.No Lagrange points Eigenvalues Stability
1 L,(0.8384, -0.001516) | (70.0012, -33.4965) | unstable
2 L5(0.9866, -0.001516) | (54506.2, -27251.6) | unstable
3 L3(-0.00064, 0.002274) | (2.82841, 0.0858117) | unstable
4 L4(-0.8371, -0.005371) (69.877, -33.3881) unstable
5 L5(-0.9853, -0.005705) | (35018.8, -17507.3) | unstable

TABLE 4.2: Stability Analysis for a = 0.657221, b =1,
and the corresponding masses are m = 0.110794, M = 0.66828]1.
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Stability analysis for case-I(1)(iii) is shown in the following table:

S.No Lagrange points Eigenvalues Stability
1 L1(0.9781, 0.005725) (598.64, -279.687) | unstable
2 L5(0.002246, -0.0004922) | (1.02363, 0.988184) | unstable
3 L3(-0.9771, -0.0004922) | (647.632, -322.163) | unstable

TABLE 4.3: Stability Analysis for a = 0.947221, b =1,
and corresponding masses are m = 0.00278174, M = 0.0.00263451.

Stability analysis for case-I(1)(iv) is shown in the following table:

S.No | Lagrange points Eigenvalues Stability

1 | L1(0.9871, -0.001105) | (1223.96, -607.334) | unstable

TABLE 4.4: Stability Analysis for a = 0.967221, b =1,
and corresponding masses are m = 0.00107389, M = 0.00103865.

Stability analysis for case-1(2)(i) is shown in the following table:

S.No Lagrange points Eigenvalues Stability
1 L1(1.299, 0.004726) (16.356, -6.67769) | unstable
2 L5(0.9869, -0.003493) | (20600.2, -10298.2) | unstable
3 L3(-0.007602, 0.004726) | (1.16118, 0.919415) | unstable
4 L4(-0.9856, 0.01294) (7076.82, -3534.16) | unstable
5 L5(-1.298, -0.01171) (16.5351, -6.76555) | unstable

TABLE 4.5: Stability Analysis for a = 1.15, b =1,
and the corresponding masses are m = 0.0222474, M = 0.0256555.

Stability analysis for case-I(2)(ii) is shown in the following table:
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S.No Lagrange points Eigenvalues Stability
1 L(1.527, 0.009316) (12.3347, -4.66698) | unstable
2 L5(1.139, 0.009316) (126.095, -61.1407) | unstable
3 L3(0.0006617, 0.000494) | (1.5356, 0.7322) unstable
4 L4(-1.146, -0.008328 ) | (125.289, -60.8129) | unstable
5 L5(-1.534, 0.000494) (11.501, -4.2551) unstable

Stability analysis for case-I(2)(iii) is shown in the following table:

TABLE 4.6: Stability Analysis for a = 1.28, b =1,
and the corresponding masses are m = 0.075354, M = 0.0979731.

S.No Lagrange points Eigenvalues Stability
1 L1(1.98, -0.004131) (9.17278, -3.08637) unstable
2 L5(1.308,0.01152) (65.2752, -31.0545) unstable
3 L3(-0.00665, 0.1993) (2.89795, 0.103895) | unstable
4 L4(-0.00665, 0.01152 ) | (3.11382, -0.0567179) | unstable
5 L5(0.008997, -0.2075) | (2.88147, 0.116132) | unstable
6 Lg(-1.305, -0.01978) (64.4198, -30.4685) unstable
7 L7(-1.994, -0.01978) (8.44097, -2.72004) unstable

Stability analysis for case-I(2)(iv) is shown in the following table:

TABLE 4.7: Stability Analysis for a = 1.56, b =1,
and the corresponding masses are m = 0.264957, M = 0.458729.

S.No Lagrange points Eigenvalues Stability
1 L1(2.544, 0.01152) (8.27679, -2.63826) | unstable
2 L5(1.621,0.01152) (34.3704, -15.079) | unstable
3 L3(-0.00665, 1.201) (1.70063, 1.30674) | unstable
4 L4(-0.00665, 0.01152 ) | (8.33692, -2.66775) | unstable
5 L5(0.008997, -1.715) | (1.70203, 1.29405) | unstable
6 L¢(-1.603, -0.01978) | (33.2415, -15.0797) | unstable
7 L(-2.541, -0.004131) | (8.39078, -2.69537) | unstable

TABLE 4.8: Stability Analysis for a = 2.0, b =1,
and corresponding masses are m = 0.501345, M = 1.771799.
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4.6 Permissible Regions of Motion

The Jacobian constant of motion in equation (4.22) is one of the most important
constant of the dynamical system, which represent the movement of the infinites-
imal body, because it can be used to sketch the zero velocity curves.Of course it
can be used to explore the regions of permissible motion of the infinitesimal body.
The motion of infinitesimal body depends on the value of the Jacobi constant.
For choosing different values of Jacobi constant C' in equation (4.22) gives us two
different regions.

One is permissible region of motion for infinitesimal particle and the second region
where motion of infinitesimal particle is not allowed [32].

Now we need to explore these possibilities in our geometry i.e., Four masses are
placed my, ms, m3 and my4 are on the x-axis and the infinitesimal mass ms is
moving in the gravitational field of these four masses. We draw here regions for
different value of Jacobi constant for equation (4.22) at Mathematica and we get
two regions,

e Permissible (White region), where m; can freely move.
e Colored (Blue), where the motion of m; is not allowed.
Permissible regions for case-I(1)(i):

Choosing the value of C' = 1.0 and using in equation (4.22) and then we get
two regions in figure (4.10), we can clearly see that the blue region represent the
excluded area, where the infinitesimal mass ms can not move or enter, and the
white region that is permissible region represent where the infinitesimal mass can

easily move or enter.

As soon as, we raise the value of C' from (1 to 1.4), the allowable area is get-
ting shorter. We can see this in figures from (4.9) to (4.12). In these statistics,

we can see that the four masses are trapped, and the infinitesimal mass can not
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reach those masses.
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FIGURE 4.9: Permissible regions (white) of motion for C' = 1.0

2,
1, j i
m3
0 @ 1'0) = 012 0) 042.0) 107
1t
_27I ) ) ) )
-2 1 0 1 2

FIGURE 4.10: Permissible regions (white) of motion for C' = 1.2
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FIGURE 4.12: Permissible regions (white) of motion for C' = 1.4
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FIGURE 4.11: Permissible regions (white) of motion for C' = 1.35

Permissible regions for case-I(1)(ii):
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When the value of C' from (1.05 to1.35), for a = 0.65 the permissible area is getting

shorter.

-2

-2 -1 0 1 2
FIGURE 4.13: Permissible regions (white) of motion for C' = 1.05
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-2 -1 0 1 2
FIGURE 4.14: Permissible regions (white) of motion for C' = 1.25
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FIGURE 4.15: Permissible regions (white) of motion for C' = 1.35

Permissible regions for case-I(1)(iii):
When the value of C' from (0.3 to 1.4), for a = 0.94 the permissible area is getting

shorter.
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FIGURE 4.16: Permissible regions (white) of motion for C' = 0.3
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FIGURE 4.17: Permissible regions (white) of motion for C' = 0.5

o
1+
m1 m2 m3 m4
0 ® - ® ®
(-1,0)  (-0.94,0) (0.94,0) (1,0)
-1t
-2+
-2 -1 0 1 2

FIGURE 4.18: Permissible regions (white) of motion for C' = 1.4

Permissible regions for case-1(1)(iv):

When the value of C' from (0.55 to 1.35), for a = 0.96 the permissible area is
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getting shorter.
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FIGURE 4.19: Permissible regions (white) of motion for C' = 0.55
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FIGURE 4.20: Permissible regions (white) of motion for C = 1.35
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Permissible regions for case-I(2)(i):

When the value of C' from (0.4 to 1.5), for a = 1.15 the permissible area is getting

shorter.
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0 Py ° Py Py
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FIGURE 4.21: Permissible regions (white) of motion for C' = 0.4
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FIGURE 4.22: Permissible regions (white) of motion for C' = 0.8
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FIGURE 4.23: Permissible regions (white) of motion for C' = 1.5

Permissible regions for case-I(2)(ii):
When the value of C' from (0.4 to 1.7), for a = 1.28 the permissible area is getting

shorter.
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FIGURE 4.24: Permissible regions (white) of motion for C' = 0.4
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FIGURE 4.25: Permissible regions (white) of motion for C' = 1.2
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FIGURE 4.26: Permissible regions (white) of motion for C' = 1.7

Permissible regions for case-1(2)(iii):

When the value of C' from (1.35 to 1.9), for a = 1.56 the permissible area is getting
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shorter.
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FIGURE 4.27: Permissible regions (white) of motion for C' = 1.35
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FIGURE 4.28: Permissible regions (white) of motion for C' = 1.9
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Permissible regions for case-I1(2)(iv):

When the value of C' from (5.5 to 5.9), for a = 2.39 the permissible area is getting

shorter.

m1

m2

O

m3 m4

-2

(-170) (—5.39,0)

C

(2.39,0) (1,0)

-2

FIGURE 4.29: Permissible regions (white) of motion for C' = 5.5
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FIGURE 4.30: Permissible regions (white) of motion for C' = 5.9
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So we concluded that if the value of C' is raised, then the allowable region is short

and the infinitesimal mass can not approach the masses.



Chapter 5

Conclusion

In this thesis we discussed four-body collinear configurations with two pairs of
equal masses which are symmetric about the center of mass. In this arrangement,
we use the symmetry conditions to find the equation of motion. We also studied
the motion of an infinitesimal mass my under influence of the gravitational force
of four masses my, mq, ms and my respectively.

There are two pairs of masses which are at the line, moving in such a way that their
central configuration is always in a line. After finding the equation of motion of
ms of negligible mass (not influence the motion of four masses), we calculated the
position of the Lagrange points for different intervals, and examined the stability
of Lagrange points for finding eigenvalues using Mathematica. We investigated
different intervals and found different Lagrange points in these intervals. The pa-
rameters involved in the equation of motion of ms were influenced the positions
of the Lagrange points. The numerical investigation of these values revealed that

all the Lagrange points lying in the xy-plane are unstable.

Lastly, we discussed the Jacobian constant (energy of the infinitesimal mass in
rotating frame). The motion of infinitesimal body depends on the value of the
Jacobi constant. For choosing different values of Jacobi constant C' gives us two
different regions. One is permissible region of motion for infinitesimal particle and

the second region where motion of infinitesimal particle is not allowed. We also

57
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explored all possible region of motion (permissible region) of ms by changing the

value of C' are shown in figures (4.9 — 4.30) for different cases.
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